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ABSTRACT. A three-dimensional Riemannian manifold M with a metric
g and an additional tensor structure ¢ of type (1,1) is considered. The
local components of these two tensors form skew-circulant matrices. The
third power of ¢ is the identity, and ¢ is compatible with g.

An associated indefinite metric § on (M, g, ¢), defined by g and ¢, is
introduced. It is shown that if the Levi-Civita connection of g is locally
flat, then (M, g, ¢) is an almost-Einstein manifold. For such a manifold,
the Ricci curvatures in the direction of the basis vectors of an arbitrary ¢-
basis of T}, M are calculated. Expressions for the curvature tensors R and
R are obtained in terms of the metrics g and g and the scalar curvatures.
Equalities between the sectional curvatures of special 2-planes determined
by the basis vectors of an arbitrary ¢-basis are established.

The equation of a sphere with respect to the associated metric g is
considered. Since g is an indefinite metric, the equation of the sphere
transforms into the equations of three types of quadric surfaces embedded
in Euclidean space: a cone, a hyperboloid of one sheet, and a hyperboloid
of two sheets.
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1. INTRODUCTION

Differentiable manifolds with additional tensor structures have been the sub-
ject of intensive and in-depth research over the last few decades. Two main
types of additional tensor structures (of the polynomial tensor structure type)
are well known: the first type is an almost product structure, and the second
type is an almost complex structure.

Depending on the type of metric with which differentiable manifolds are
equipped—Riemannian (positive definite) or pseudo-Riemannian (indefinite)—
they are classified as Riemannian or pseudo-Riemannian manifolds, respec-
tively. Depending on how the additional structure is compatible with the
metric, there are two types of manifolds with an almost product structure
(Riemannian manifolds with an almost product structure and almost para-
Hermitian manifolds) and, correspondingly, two types of manifolds with an
almost complex structure (almost complex manifolds with a Norden metric
and almost Hermitian manifolds).

Riemannian manifolds with an almost product structure have been actively
studied in recent years by foreign and Bulgarian geometers, as seen, for exam-
ple, in the papers, [11] 12| 13| 16} 17, 19 20], and [21].

Almost complex manifolds with a Norden metric and almost Hermitian man-
ifolds are of even greater interest to modern differential geometry. We list here
only a few studies that examine the curvature properties of such manifolds:
[1, 5, [7, [8l [ 10} 18], and [22].

We also mention several studies on three-dimensional Riemannian manifolds
in which the third power of the additional structure satisfies other polynomial
equalities, such as [23] 24]. In [3], the structure @ is circulant (meaning the
matrix of its components is circulant) and satisfies @* = id. In [14], the
structure S is skew-circulant (the matrix of its components is skew-circulant)
and satisfies S = —id.

In this study, we consider a three-dimensional Riemannian manifold M with
a metric g and an additional tensor structure ¢ of type (1,1). The local com-
ponents of these two tensors form skew-circulant matrices. The third power of
¢ is equal to the identity, and ¢ is compatible with g such that an isometry is
induced on the tangent space T, M at an arbitrary point p of M.

Our aim is to investigate the geometric properties of such a manifold (M, g, ¢).
Furthermore, by examining it, we compare its similarities and differences with
Riemannian manifolds endowed with an additional circulant structure, which
were previously studied by I. Dokuzova, G. Dzhelepov, and D. Razpopov in
[2, 3], and [4].
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The paper is organized as follows. Section [2] presents basic information,
regarding a 3-dimensional Riemannian manifold (M, g, ¢), the metric, the Levi-
Civita connection, the Riemannian curvature tensor, the Ricci tensor, sectional
curvatures, and the Ricci curvature.

In Section[3] the Christoffel symbols of the Levi-Civita connection V induced
by the metric g on (M, g, ¢) are calculated. Differential equations are obtained
for the components of the metric such that the structure ¢ is parallel with
respect to V. This means that ¢ remains invariant under parallel transport
along curves on the manifold. An example of a manifold (M,g,¢) with a
parallel structure ¢ is constructed.

Section [4] examines an associated indefinite metric g on (M, g, ¢), defined
by g and the additional structure ¢. A fundamental tensor F' of type (0, 3) is
introduced via g and ¢, as well as the two Lee 1-forms a and o* associated
with F. The components of F' are calculated, and a representation of F' in
terms of the metrics and both 1-forms is obtained. This representation of F
allows one to derive a relationship between the Ricci tensors associated with g
and g. A definition of almost Einstein manifolds is given, which generalizes the
definition of Einstein manifolds. If V is a locally flat connection, then (M, g, ¢)
is an almost Einstein manifold; similarly, if V is a locally flat connection, then
(M, g, ) is also an almost Einstein manifold.

In Section [5] the existence of an orthogonal ¢-basis in each tangent space
T,M of (M, g, ¢) is established. For an almost Einstein manifold (M, g, ¢), the
Ricci curvatures in the direction of the basis vectors of an arbitrary ¢-basis
of T,M are calculated. Expressions for the curvature tensors R and R are
obtained in terms of the metrics g and g, and the scalar curvatures. Equalities
are found between the sectional curvatures of 2-planes determined by the basis
vectors of an arbitrary ¢-basis.

In Section [6] the equation of a sphere with respect to the associated met-
ric g is considered. This equation is transformed in terms of the Riemannian
metric g. Since g is an indefinite metric, it defines spacelike, timelike, and
isotropic vectors. Furthermore, the equation of the sphere with respect to g
is transformed into the equations of three types of quadric surfaces embed-
ded in Euclidean space. These are a cone, a hyperboloid of one sheet, and a
hyperboloid of two sheets.

2. PRELIMINARIES

We present well-known facts and formulas for a Riemannian manifold (intro-
duced, for example, in [I5] and [25]). Furthermore, we consider the definition of
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a three-dimensional Riemannian manifold (M, g, ¢), the geometric properties
of which are the subject of the present work.

2.1. Necessary formulas for a Riemannian manifold. On a Riemannian
manifold M, the metric g induces a linear connection V — the Levi-Civita
connection. If T'¥; are the Christoffel symbols of V, then

2T}, = g (0igsj + 0;9si — 0s9ij)- (2.1)
In (2.1)), the matrix (¢**) is the inverse of g = (gs;).
The covariant derivative of a tensor ¢ of type (1,1) is given by
Vidi = 0 ¢} + 7,97 — iida. (22)
If V¢ = 0, then ¢ is a parallel structure with respect to V.
The Riemann curvature tensor R is defined by
R(z,y)z2 = V,Vyz =V, Vo2 — Vi 2,
where z, y and z are smooth vector fields on M. The associated tensor with R
of type (0,4) is given by
R(z,y,z,u) = g(R(z,y)z, u).
Its local expression is Rgr = gStRﬁj > Where the components of R are calcu-
lated by
Ry = 0;Th, + Tk, — 0L, —T5,T,. (2.3)
The Ricci tensor p and the scalar curvature 7 of M are given by:
p<yaz) :g”R(euyaZ?e])a T:g”p(elaej> (24)
In this paper, all indices i, j, k, s vary in the set {1,2, 3}.
Let p be a point on M, let x and y be linearly independent vectors on the
tangent space T, M. The value

g (wy) —g(z2)g(y, y)
is the sectional curvature of the 2-plane {z,y}.

(2.5)

2.2. Basic notations for a manifold (M, g, ¢). The matrices used to repre-
sent the tensor structures are skew-circulant. Notably, these are a subclass of
Toeplitz matrices, which have been extensively studied in [6].

In this paper, we focus on the following skew-circulant matrices:

0 0 1 0 -1 0
6=[-1 0 of, =10 0 -—1]. (2.6)
0 -1 0 1 0 0
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They both together with the identity matrix form a basis of the real vector
space of the 3-dimensional skew-circulant matrices.

We consider a 3-dimensional Riemannian manifold M with a metric g and
an additional tensor structure ¢, whose components are expressed by the first
matrix in . Then, we obtain

¢ =id, ¢ #id. (2.7)
Let the structure ¢ and the metric g are compatible, as follows:
9(¢z, ¢y) = g(x,y). (2.8)

Consequently, the component matrix of g is also skew-circulant and takes the
form

A B -B
-B B A

Here, A = A(p) and B = B(p) are smooth functions of an arbitrary point

p(xt, 22, 23) € M. Furthermore, we assume that conditions

A>2B>0 (2.10)

hold. They are necessary to ensure that the metric g is positive definite.

In the following sections, we investigate the geometric properties of the man-
ifold (M, g, ¢). Specifically, in Section [4] we equip this manifold with an asso-
ciated indefinite metric g.

3. MANIFOLDS WITH A PARALLEL STRUCTURE

In this section, we compute the Christoffel symbols for the Levi-Civita con-
nection V induced by the metric g on (M, g, ¢). We derive partial differential
equations governing the components of g under which the structure ¢ is par-
allel with respect to V. Finally, we construct a non-trivial example of such a
manifold.

Assume that the tensor structure ¢ on (M, g, ¢) is parallel, meaning that it
satisfies the condition

V¢ =0. (3.1)
In local coordinates, (3.1)) is written as V;¢; = 0. From (2.2)), we get
F{Z%q = Fisj o
Then, from ({2.6)), we derive the next statement:
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Lemma 3.1. Let (M, g,$) have a parallel structure ¢ with respect to the Levi-
Cita connection V of g. Then the Christoffel symbols for V satisfy equalities:

Fm = Pu = F12 = F23 = F22 = F33,
Ff3 = —1?1 = F%Q = F§3 = ng = —F337 (3-2)
F13 = Fh = F12 = 1—‘23 = Fzz = _Fgg-

We obtain a necessary and sufficient condition for the structure ¢ to be
parallel in the following theorem:

Theorem 3.2. The structure ¢ on (M, g, @) satisfies (3.1)) if and only if the
functions A and B fulfill the system of partial differential equations:

A1 =By +By—Bs, Ay=DB1+By+ B3, A3=-B1+ By+ Bz, (3.3)

where A; = 24 and B; = 28
ox ox

Proof. The inverse matrix of g is given by

. [(A-B -B B
(¢9)=5| B A-B -B |, (3.4)
B -B A-B

where D = (A+ B)(A —2B).
Next, we compute the Christoffel symbols using (2.1]), (2.9)), and (3.4)), yield-
ing the following expressions:

Ik =— %((A — B)(2B; + (—1) Ax) + B(2B; + (-1)F 4; — A))),

Th =55 (A= B)A+ (()B(-1VB, — (-1)Bi~ (-1"By  (35)
+ )]Ak))a
1 i j

I =5 (4= B! By~ (1B~ (1B

where i # j # k.
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Assuming that Equality (3.1]) holds, substituting (3.5)) into (3.2]), we obtain
the system of differential equations:

2A; + A3 =3B, — By + Bs, 24 + A3 = —By + 3B + Bs,
A1+2A3:Bl+3B2—B3, A1+2A2:Bl—82—|—3B3,
244 +A2:7B1+BQ+3.B3, A2+2A3 :3Bl+Bsz3,
A — A3 = —-2B; + 2Bs3, Ay — A3 = —2B5 + 2Bs3,

Ay — Ay = —2B; + 2Bs.

This system is equivalent to (3.3)).
Conversely, substituting (3.3)) into (3.5)) yields (3.2]), where

Th = 555 (4 B)A) —2BB))),
T = 5 (A~ B)(~As5) + 2BBy)), (3.6)
3, = %((A — B)A; — 2BBy)).

Taking into account (2.2, a direct calculation shows that V;¢; = 0; that is,
condition (3.1]) holds true. O

3.1. Example. We construct an example of the manifold (M, g, ¢) with a par-
allel structure ¢ by finding an explicit solution to the system (3.3]).
Let g be determined by (2.9) with the functions

A=2((z")+ (*)*+ (2°)?), B =2z'2" +22%2° — 22'2", (3.7)

where B > 0. Consequently, inequalities in (2.10]) are satisfied. A direct cal-
culation verifies that the functions (3.7)) and their derivatives fulfill the system
(13.3). Thus, we establish the following proposition:

Proposition 3.3. The manifold (M, g,$) with the metric g determined by
(13.7) admits a parallel tensor structure ¢.

Proposition 3.4. The manifold (M, g,$) with the metric g determined by
(13.7) is not flat.

Proof. Using (2.3)), we find a non-zero component of R, for instance R3;,:

Rjyp = 0103 + T30, — 9oy — DT,

a2
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and using (3.6)), we calculate

1
Ry = —0iT3, + 0T, = o2
+ (2AA; — A\B — AB, — 4BB;)(—A3(A — B) + 2BB3))
1
~ 5 (4242 = Bo) +4(A = B) - B)D
+ (2AA; — A3B — AB; — 4BB5)(A2(A — B) — 2BBy)).

((—A3(A1 — By)+2B1Bs —4B)D

A direct calculation shows that at a specific point—for instance, p(1,1,1) — the

curvature component Ri;, = é is non-zero. O

4. AN ASSOCIATED METRIC ON (M, g, ¢)

In the first part of this section, we introduce an associated metric g on
(M, g, ) determined by the structures g and ¢. Using g, we define a funda-
mental tensor F', which in turn induces two Lee 1-forms. In the second part, we
determine the conditions under which the manifold (M, g, ¢) is almost Einstein
or, in particular, Einstein.

We define § via g and ¢ as follows:

§(x,y) = g(dz,y) + g(z, dy). (4.1)
By virtue of and ([4.1)), we obtain
99z, dy) = g(x,y). (4.2)

With the help of (2.6) and (2.9)), we find the component matrix of §:

—2B B-A A-B
(G;)=|B—A —2B B-A]. (4.3)
A-B B-A -2B

This metric is indefinite because, due to (2.10]), the minors of the determinant
of g have different signs; for example:

i1 =-2B<0, detg=(A+ B)*(A-2B)>0.
The inverse matrix of g takes the form

| (3B-A B-A A-B
(@) =55 |B-4 3B-4 B-4A| (4.4)
A-B B-A 3B-A

where D = (A+ B)(A —2B).
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4.1. Fundamental tensor. The tensor F of type (0,3) and both Lee 1-forms
«a and o* are defined by:

F(z,y,2) = 9(V2®)y, 2),
a(k) = gijF(ei,eg‘,fU% 04*(/4?) = gijF(eia¢ej;$)-

In local coordinates, the tensor F' is given by Fy;; = Vigs;. By virtue of (4.1)),
the following symmetry property holds:

Vkﬁij = ngji. (4.6)

(4.5)

Obviously F has the property F(x,y,z) = F(x, z,y).

In the next theorem, we find an explicit expression for F' in terms of the
metrics and the Lee 1-forms. This representation subsequently enables us to
express the Ricci tensors associated by both metrics.

Theorem 4.1. Let (M,g,$) be a Riemannian manifold with the fundamental
tensor F' and the Lee 1-forms o and o* defined by (4.5). Then, the tensor F'
satisfies

F(z,y,2) = 3 {g(w.9)a(z) + g(z, 2)aly)
+i(y)a’ () + 5, 2)a’ (1)

(4.7)

Proof. We apply (2.2) to §:

ngis = 8k§is - Fzsgia - Fzz'gas- (48)
Then, using (3.5), (4.3), (4.4), (4.5)), and (4.6), we compute the components of
F:

Fi11 = 2F193 = 2By — A + As,

Fygp = —2F513 = 2By — A — As,

F333 = 2F310 = 2B3 + Ay — Ay,

Fiog = F399 = Ay — By — By — Bg,

F311 = —F1 = —A; + By + By — Bs,

Fy33 = —Fi33 = A3 + By — By — B3, (4.9)

1
Foip = —Fi1p = 5(31 — By — Bs + Aj3),
1
Fii3 = F313 = 5(31 + By + B — Ag),

1
F393 = —Fy3 = 5(31 + By — B3 — Ay).
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Next, from (3.4 , ., and ( . for the components of o we get:

a1 = 2D ((A B)(Ag—A2)+2B(BQ—Bg—A1)+2A31)
3
oy = E ((A=B)(=A1 — A3) + 2B(B1 + Bs — A1) + 24B;),  (4.10)
Q3 = 2D ((A B)(Al AQ) + 2B(B2 — Bl — Ag) + 2ABg)
For the components of o*, with the help of (4.4), (4.5), and (4.9)), we find:
aj = D —((A+2B)B; + A(B; — B3 — A1) + B(A3 — Ay)),
3
a; = oD ~—((A+2B)By + A(B1 + B3 — A3) + B(—A; — A43)), (4.11)
3
The Equalities ([29), (£3), (9), (£10), and (LIT) imply
1 ~ * ~ *
Fiji = 3 (gijon + giveyy + Gijag + Giness) (4.12)
which is a local form of (4.7)). O

4.2. Almost Einstein manifolds. Let T' and V denote the Christoffel sym-
bols and the Levi-Civita connection of the associated metric g, respectively.
Furthermore, let R be the curvature tensor associated with V. The Ricci ten-
sor p and the scalar curvature 7 of g are given by:

Py 2) = §9R(eiry. z,¢5), 7 =§"plei,e;): (4.13)
By applying to both I' and T', we deduce from the following
relation:
Ly =105 + 29 " (Vidjs + Vigis = Vi)
We substitute into the above equality and obtain

1 ~ *
Iy =T+ 39 *(gijas + Gijo) - (4.14)
Next, we calculate
~s sk~ 1
g kgsj = L?» g kQSj = §S]ka
where
0o -1 1 -1 -1 1
H=(-1 0 —-1|, SH=(-1 -1 -1

1 -1 0 1 -1 -1
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Then, from (4.5)), (4.10), and (4.11)), we get

~sk *k ~ S *
g g =—a gskO0 = O — QOlka

(4.15)

~ * ~s * 1 *
Jer@™® = —ay, gskozS = —i(ak + « k)

In view of (4.14) and (4.15), the components of the affine deformation tensor
T =T —T are given by:
1 * ~ *
Tl = -5 (2950 "t gij(ah + ).
We substitute this relation into the well-known formula linking R and R, which
reads:
R, = Rl + V,Th = VIS + TATS — TGN,

Thus, Equality (4.15) yields

- 1 1 1

RE. =RF. — —gi(Va*F — Zata™) + 2 g (Vsa™ — ata*?)

yE

7S 3 3 7 3 s
1 - <k k 1 *k 1 * _xk
_ ggis(v]‘OZ + VjOl — gajOé — gaja )
+ lg- (Vsa™ + Viak — 104 atk — 1ofkoz*k)
g\ Vs s 3%s 3%s .

Contracting the indices k = s in the above equality, and taking into account
(4.13), (4.15), and the expression for the components of the Ricci tensor p;; =

5 .
Rj;,, we obtain

~ 1 *S 1 ~ s *S
Pij = Pij + ggijvsa + ggij(vsa + Vsa™). (4.16)
Let us denote the associated quantities
™ = G p(e;, ej), T'= g p(ei, €;). (4.17)
From (2.4), (4.13), , and (4.17)), we get

~ 1 ~ % 1 ~ * ~x ~
pij = pij + (77 = 7)gi + g (27 = 277 + 7" = 7)gi;.

Consequently, we establish the following result.

Theorem 4.2. Let (M,g,$) be equipped with the associated metric (4.1)).
Then, the Ricci tensors p and p, the scalar curvatures T and 7, and the as-
sociated quantities 7" and T* satisfy the identity

§o.0) = play) + 57 = Dglen) + 27 =207 + 7 = D)jwy). (419)
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Further we will use the following definition, given for another Riemannian
manifolds, for example, in [2], [12], [20] and [25].

Definition 4.3. A Riemannian manifold (M, g) is almost Einstein, if the met-
rics g and g satisfy
plx,y) = ag(z,y) + Bg(x,y), (4.19)

where @ and 8 are smooth functions on M.

Proposition 4.4. If the Levi-Cwita connection NV of § is locally flat, then
(M, g,) is an almost Einstein manifold and its Ricci tensor p is given by

T 2% + 71

3 G g(x,y). (4.20)

Proof. If V on (M, g,¢) is locally flat, then R = 0. From (4.13) and (4.17)

plz,y) = zg(x,y) +

it follows that p = 0 and 7 = 7 = 0. Thus, Equality (4.18]) yields (4.20),
and a comparison with (4.19)) clearly shows that (M, g, ¢) is an almost Einstein
manifold. 0

Remark 4.5. A manifold (M, g, ¢) is Einstein if 7% = *%7’. In this case the
Ricci tensor has the form

p(x,y) = gg(fv,y)- (4.21)

Proposition 4.6. If the Levi-Civita connection V of g is locally flat, then
(M, g, ) is an almost Einstein manifolds and its Ricci tensor p is
T* T* 4+ 27 _

ﬁ(x,y)=§g(x,y)+ 5 g(x,y). (4.22)

The proof is similar to the proof of Proposition [£.4}
This representation of the Ricci tensors enables us to find an explicit expres-
sion for the curvature tensors in terms of the metrics and scalar curvatures.

5. CURVATURE PROPERTIES OF (M, g, )

In this section, we investigate several curvature properties of the manifold
(M, g, ¢), including the sectional curvatures of special 2-planes in the tangent
space T, M, the scalar curvature, and the Ricci curvature in the direction of
a non-zero vector. To this end, we first introduce the concept of a ¢-basis for
T, M spanned by a non-zero vector x and its images under ¢, and establish the
existence of an orthogonal ¢-basis.
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5.1. An orthogonal ¢-basis in the tangent space. Here, we consider vector
fields in a neighborhood of an arbitrary point p of (M, g, ). Naturally, the
results obtained also carry over to the corresponding vectors in 7, M.

Lemma 5.1. For the lengths of the vectors =, ¢x, and ¢>x, the following
identities hold:

]l = llgz|l = ll¢*z].
Proof. Due to (2.8) and the definition of a length of a vector ||z| = v/g(z, x),
we get g(x, ) = g(dx, dpx) = g(¢p>x, $?x); i.e., the lengths are equal. O

Theorem 5.2. For an arbitrary non-zero vector x and its images ¢z and ¢z,
the angles between these vectors satisfy the equalities 8 = p = 1, where

0 =2(x,0x), ¢=L(px,¢%c), ©=L(px, ). (5.1)
Proof. Let the vector x = (2!, 22, 23) be non-zero. Taking into account ,
we obtain

2 2

9(2,02) oo IOTIT) -y 9T
9(z, ) g(z, x) g(x, x)
Identities (2.7) and (2.8) imply g(z, pz) = g(¢=, p*z) = g(¢*x, ). We apply
them to (5.2) and obtain cos = cosg = cost. Since the angles are in the
interval [0, 7], we get 8 = ¢ = 7). O

cosf = (5.2)

Remark 5.3. Hereafter, we will use the notation 6 for each of these three
angles.

Theorem 5.4. The angle 0, determined by an arbitrary non-zero vector x and
its images under ¢, satisfies the inequalities

2
0<6< Eﬂ (5.3)

Proof. We consider a vector x = (z',22,23) # 0. The images of x under (2.6)

are ¢px = (23, —2', —2?) and ¢?x = (—22, —23,2'). From (2.6) and (2.9), we
get

g(z,z) = A((z")* + (2°)* + (2°)%) + 2B(z'2® — 2'2® 4 2%2?), (5.4)
g(z,¢x) = —B ((:171)2 + (2*)? + (x3)2) + (B - A)(zta? — z'2® + 2%23).
Substituting into , we find
~B((z)? + (22)2 + (2%)2) + (B — A)(z'2? — 2'a® + 2%2°)
A((21)2 + (22)2 + (23)2) + 2B(2'22 — 2l23 + 2223)
where A ((z')? + (2%)% + (23)?) + 2B(z'2? — z'23 + 2223) > 0.

cosf = (5.5)
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We suppose that 6 > %’r, ie., cosf < —%. Thus, from (5.5)), we get
(A—2B)(z' —2* +2%)? <0.

By virtue of condition (2.10]), the above inequality can not be satisfied; hence,
the assumption 6 > 27” is false. Consequently, the conditions in (5.3) hold. O

As an immediate consequence of Theorem [5.2] and Theorem [5.4] we obtain
the following result:

Corollary 5.5. If § =0, then © = ¢z = ¢*x. If 0 = %’T, then the vectors x,
ox, and *x are coplanar.

Definition 5.6. If the vectors {z, ¢z, p?z} form a basis for the tangent space
T,M, it is called a ¢-basis. In this case, the vector x is said to induce a ¢-basis
for T,M.

Theorem 5.7. Every tangent space T,M admits infinitely many ¢-bases.

Proof. Let x = (z',2%,2%) be an arbitrary vector in T,M. Bearing in mind
that ¢z = (23, —2', —2?) and ¢?r = (—22, —22,2!), we find that the vectors
z, ¢z, and ¢%x are linearly independent if and only if

rt 2?2 28
3 -zl 22| #£0,
—z? -3 2l

which implies
33;‘11}2333 7& _($1)3 4 ($2)3 _ (mS)B.
Since there are infinitely many triples = (2!, 22, 23) satisfying this condition,

we conclude that there exist infinitely many ¢-bases for T, M. g
By Theorem and Theorem we have the following corollary:
Corollary 5.8. Every tangent space T, M admits an orthogonal ¢-basis.

Example of an orthonormal ¢-basis
We consider a vector x with coordinates:
o VA+B++VA-3B
2WV/AZ —AB -2B?’
The following equalities hold:
A-B

1\2 2\2 3\2 _
(@) + (@ + (@) =

—-B
1,..2 1,.3 2,3 _
H eV Y

B VA+B—-+VA-3B

z? =0, .
VA2 — AB — 2B2
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Substituting these into (5.4)) yields
g(z,z) =1, g(z, px) = 0.
Thus, from ({2.8]), we also obtain
9(oz, px) = g(6°x, ¢*x) = 1, g(x,¢°x) = g(¢z, $*x) = 0.
By Theorem [5.2} the vector x induces an orthonormal ¢-basis for T), M.
5.2. Ricci curvatures. By definition, the Ricci curvatures in the direction

of a non-zero vector x with respect to g and g are given, respectively, by the
expressions:

plwx) . #w2)

r(z) = , T(x) == . (5.6)
9(z, ) g(z,z)

With the following theorem, we establish a relationship between these curva-

tures.

Theorem 5.9. Let (M, g, ®) be equipped with the associated metric . Sup-
pose that the vector x induces a ¢-basis, and let 8 denote the angle between x
and ¢*x. If r(x) and 7(z) are the Ricci curvatures in the direction of x with
respect to g and g, respectively, then

~ 1 ~% 1 ~ * ~%
7(z) = 2Cosor(:lc) + Goosd COSH(T )+ 6(27’ 2 + 7 — 7)), (5.7)
where 0 # 3.
Proof. From (4.1)) and (5.2)), we find
g(z,x) = 29(x, dpx) = 2g(x, x) cos 6. (5.8)

Using (4.18)), we get
ple,z) pla) 1 .. _g@z) 1, . . .,
— = = —(7F—171)= +-27 =27 +7" — 7).
i) g 30 i 6 )
Then, applying (5.6) to both r(z) and 7(z), and taking into account (5.8)), we
obtain (5.7). O

Next, we consider cases for the Ricci curvatures where one of the two con-
nections, V or V, is locally flat.

Proposition 5.10. Let the Levi-Civita connection NV on (M, g,9) be locally
flat. If a vector x induces a ¢-basis, then the Ricci curvatures in the direction
of the basis vectors satisfy
1
r(z) = r(px) = r(¢*z) = % + = (27" + 1) cos b, (5.9)

where 0 = Z(x, px).

w
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Proof. Since p satisfies (4.20)), and bearing in mind (2.8)), (5.6), and (5.8)), we
find (5.9). O

The next two statements can also be verified directly.

Corollary 5.11. If a vector x induces an orthogonal ¢-basis, then the Ricci
curvatures in the direction of the basis vectors are given by:

T

r(x) = r(6x) = r(%2) = 7.

Corollary 5.12. If (M, g,¢) is an Einstein manifold and a vector x induces
a ¢-basis, then the Ricci curvatures in the direction of the basis vectors are:

.
(@) = rlgn) = r(¢r) = 7.

Proof. The proof follows directly by substituting 7* = —%7’ into (5.9). We note

that the Ricci tensor p satisfies (4.21]). O

Proposition 5.13. Let the Levi-Civita connection V on (M, g, ) be locally
flat. If a vector x induces a ¢-basis, then the Ricci curvatures in the direction
of the basis vectors are:

~

o) = 7(0n) = 7(6%0) = o+ Q2 +77), 042

The proof follows directly from (4.2)), (4.22)), , and (|5.8)).

5.3. Curvature tensors. In the following subsection, we express the curva-
ture tensor R of an almost Einstein manifold (M, g, ¢) in terms of the metrics
g and §. Analogously, we derive the expression for the curvature tensor R in
terms of these metrics.

Theorem 5.14. Let the Ricci tensor p on (M,g,$) be determined by (4.20)).
Then, the curvature tensor R takes the form

2 *
R:%m+T+6 T o, (5.10)
where
71-1(1'71/727”) = g(y72>g( ’ ) —g(ﬂc,z)g(y,u), (511)
71'2(33’?!,2,71) = g(y,z)g(ﬂc,u —i—g(a:,u)g(y,z) - Q(xaz)g(%u)
— 9y, u)g(z, =
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Proof. Tt is known that the curvature tensor R of a 3-dimensional Riemannian
manifold is completely determined by the Ricci tensor p (see [I5]):

R(x,y,z,u) = —g(z, 2)p(y, u) — g(y,w)p(z, 2) + 9(y, 2)p(x, u) + g(x, u)p(y, 2)

+% (9(z, 2)g(y, u) = g(y, 2)g(x,u)).

Substituting (4.20f) into the above identity and using the notations introduced

in (5.11f), we obtain ([5.10]). O

Since, an Einstein manifold (M, g, ¢) satisfies 7% = — 7, relation (5.10) yields
the following result:

Corollary 5.15. If the Ricci tensor p on (M, g,¢) is defined by (4.21)), then
the curvature tensor R is given by

R=cm, (5.12)

where ({E, Y,z ’U,) = g(y7 Z)g(l‘, ’LL) - g(x, Z)g(ya u)
The following theorem provides the representation of the curvature tensor

R in terms of the metrics ¢ and §.

Theorem 5.16. Let the Ricci tensor p on (M, g, d) be defined by (4.22)). Then,
the associated curvature tensor R takes the form

S R4 R
R= 1t o
6 T+ 3 2,

where

ﬁ-l(x’yvzvu) zg(y,z)g( 7u) g(x,z)g(y,u),
’/TQ('»U,y,Z,U) :g(yaz)g( ,u)Jrg(:c,u)g(y,z)
9y, u) = g(y,w)g(, 2).

Proof. Curvature tensor R is completely determined by the Ricci tensor p.
Then, from (4.22), we obtain the statement. O

5.4. Sectional curvatures. Using the representation of the curvature tensor
R obtained in the previous subsection, we derive expressions for the sectional
curvatures of special 2-planes in the tangent space T, M of (M, g, ).

Let a vector x induce a ¢-basis. Then we have three 2-planes in T, M
generated by pairs from the basis {z, ¢z, p?2}. In the following statement,
we find a representation of the sectional curvatures of these 2-planes by the
angle 6 and the scalar quantities 7 and 7*.
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Theorem 5.17. Let the curvature tensor R on (M, g, @) be expressed by (5.10)),
and suppose that a vector x induces a ¢-basis. Then, the sectional curvatures
of the 2-planes determined by the basis vectors satisfy

k(z, ¢) = k(¢z, §°x) = k(z, ¢*)

1 *
= (T o) (1(3cos@+ 1)+ 47" cos ), (5.13)

where § = ZL(x, px).
Proof. The conditions (12.8]), (5.1) and (5.2)) imply

9z, ¢x) = g(¢, $°x) = g(z, ¢*x) = g(x,z) cos 0. (5.14)
Thus, from , , and we find
§(w,x) = oz, pr) = §(¢°x, p*x) = 2g(w, x) cos ), (5.15)
as well as
(@, ¢x) = g(z, ¢*x) = ¢z, ¢°x) = g(x,x)(1 + cosh). (5.16)

Next, setting y = ¢z into (5.11) and applying (5.14), (5.15), and (5.16)), we

successively obtain:
71 (z, dx, z, px) = (cos® 0 — 1)g*(x, x),
7o (z, px, , px) = 2(cos? § — cos ) g*(x, x).
Substituting these expressions into and using , we obtain the sec-

tional curvature formula:

1 *
k(ﬂf, gbm) = m (7(3 cos 6 + 1) + 4717 cos 0) .

Since the identities
1 (.’E, d)xv x, d).’,l?) =T (33, ¢2$, xZ, ¢2x) =T (qu, ¢21', (]51‘7 ¢2$),

772(37’ (bxa z, (b.’lf) = 7(-2(:57 ¢2:I"7 Z, ¢)2.'I}) = ﬂ?(d)xa ¢)2.'17, ¢$7 (be)a
hold and ([5.14) is satisfied, we conclude that the relations in ([5.13) are valid.
O

The following corollaries can be verified by direct calculations.

Corollary 5.18. Let a vector x induce an orthogonal ¢-basis. Then the sec-
tional curvatures of the 2-planes defined by the basis vectors are:
T

k(z, o) = k(¢pz, p*x) = k(z, d*x) = G
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In particular, for an Einstein manifold, the theorem reduces to the following
result:

Corollary 5.19. If the curvature tensor R on (M, g, $) is given by (5.12)), then
the sectional curvatures of the 2-planes satisfy

k(e, 62) = k(¢z, ¢*) = k(z,9%z) = .

6. EQUATION OF A SPHERE WITH RESPECT TO THE ASSOCIATED METRIC

In this section, we consider the equation of a sphere defined with respect
to the indefinite metric g. Relative to the Riemannian metric g, this equation
transforms into the equation of a quadric surface.

The associated metric § on (M, g, ¢) is defined by . Next, using
and 7 we obtain the following relationship between g and g:

g(u,u) = 2g(u, du),  glu, ¢u) = §(u, ¢*u) = g(u,u) + g(u, du).  (6.1)

Here, u is an arbitrary vector, and ¢u and ¢?u are its images under ¢.
According to physical terminology, we state the following definition for g:

Definition 6.1. Let g be the associated metric on (M, g,¢). If a vector u
satisfies g(u,u) > 0 (resp. §(u,u) < 0) , then w is a spacelike vector (or a
timelike vector, respectively). If a non-zero vector u satisfies g(u,w) = 0, then
u is a null vector.

Taking into account (5.15) and (6.1]), we prove the following statement:

Theorem 6.2. Let g be the associated metric on (M, g,¢), and let 0 be the
angle between u and ¢u with respect to g. Then the following assertions hold:
(i) a vector u is spacelike if and only if 6 € [0, F);

s

(1) a vector u is null if and only if 6 = Z;

2
(iii) a vector u is timelike if and only if 6 € (5, %’T]

Clearly, taking (|5.15) into account, we have the following proposition.

Proposition 6.3. If u is a spacelike (null or timelike) vector, then ¢u and
&*u are spacelike (null or timelike) vectors, respectively.

Let {u, pu, p*u} be an orthonormal ¢-basis for T,M, i.c., = Z. Let pxyz
be a coordinate system, such that the vectors u, ¢u, and ¢%u lie along the axes
px, py and pz, respectively. Then pxy z is an orthonormal coordinate system.
If N(X,Y,Z) is an arbitrary point with a position vector v, then v is expressed
by

v=Xu+You+ Z¢*u. (6.2)
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The equation of a central sphere s with a radius r, with respect to g, is given

by
st gv,v) =712 (6.3)

Since § is an indefinite metric, it is possible for the square of r to satisfy 72 > 0,
r?2 =0, or r2 < 0.

Substituting (6.2)) into (6.3)), we find

(X2 4 Y2 + Z2)(u,u) + XY +2Y Z)5(u, du) + 2X Z(u, 6*u) = 1°.

Taking into account Equalities (5.15), (5.16), (6.1), and 6§ = 7, we obtain the

equation of s:
2AXY +YZ+XZ) =12 (6.4)
We rotate the coordinate system pg,. into py/,/.s using the transformation
1, 1, 1,

Then, Equation (6.4)) reduces to the following:

a4+ y? - 227 = 2, (6.6)
o If r2 = 0, Equation defines a cone:
so:x?+y?—22%=0. (6.7)
o If 2 > 0, Equation yields the equation of a hyperboloid of two
sheets:
s Hy? -2 =—a? a®=r>>0. (6.8)
e If r2 < 0, Equation reduces to the equation of a hyperboloid of
one sheet:
spra?+y?—222=a? a®=-—r*>0. (6.9)

Consequently, we establish the following result:

Theorem 6.4. Let § be the associated metric on (M, g, ®), and let the vectors
u, gu and ¢*u form an orthonormal ¢-basis of T,M. Suppose that pxyz is a
coordinate system such that v € px, ¢ou € py and ¢?u € py. Then the sphere
s determined by s given by Equation with respect t0 pyryr ., which
s obtained via the rotation of pxyz. In particular:

(i) if > =0, then s is a cone so defined by (6.7);
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(ii) if r> > 0, then s is a hyperboloid of two sheets s defined by (6.8));
(iii) if r> <0, then s is a hyperboloid of one sheet sy defined by ([6.9)

Remark 6.5. We shall say that the surfaces sg, s1, and s, are induced by the
sphere s.

Corollary 6.6. If the surfaces sg, s1, and so are induced by the sphere s, then:

(i) every point of so has an null position vector;
(ii) every point of s1 has a spacelike position vector;
(iii) Every point of so has a timelike position vector.

Proof. This statement follows from Definition [6.1} Equalities (6.1)) and ( .,
the conditions for r» and the definitions of the three surfaces sg, S1 and S9.
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Bbpxy reomerpusita Ha TPUMEPHO PUMAaHOBO MHOroodbpasue ¢
KOCOLIMPKYJIAaHTHA CTPYKTypa M acoluMpaHa MeTpukKa

Kpucrusna Temuuiiosa, Usa Jloky3oBa

Pesrome. Pazrienano e TpumepHO puMaHOBO MHOT00Opasue M ¢ MeTpudeH TeH30D
g ¥ JOITbJIHATEJHA TEH30pHA CTPYKTYpa ¢ or Tum (1,1). JIokasauTe KOMIIOHEHTH HA
Te3n JiBa TeH30pa 00pa3yBaT KOCOIMPKYyJIaHTHH MarTpuim. Tperara crenen Ha ¢ e
paBHA Ha UIEHTHUTETA U ¢ € CbBMECTHMA C .

Mmuoroo6pasuero (M, g,$) e cuabaeHo ¢ acoruupana HenedUHATHA METPHUKA ),
ompejiesieHa OT g U ¢. YCTaHOBEHO e, Ye ako cBbp3aHocTTa Ha JleBu—YeBura 3a § e
JIOKAJTHO TWIOCKa, TO (M, g, ) € mouTn aiftHmaiHOBO MHOTOOGpa3Me.

3a nmouTn aiiHmaitnoso muoroobpasue (M, g, ) ca U3IMCIEHN KPUBUHUTE Ha Pu-
YU 110 HAIlpaBJIeHHe Ha H6a3MCHUTE BEKTOPU 3a IPOU3BOJIHA (-6a3a OT JONNUPATESTHOTO
npocrpascTso 1, M. Hamepenu ca m3pa3um 3a TeH30pUTe HA KpUBHHA R u R upe3
METPUKUTE § U § U CKaJapHuTe KpuBmHU. [lolyueHn ca paBeHCTBa MEXKJy CEKIU-
OHHWTE KPUBHHM Ha CIEIUAJHU IJIONIAIKHU, ONpeJe/IeHn OT Ga3MCHUTE BEKTOPHU Ha
MIPOM3BOJIHA ¢-6a3a.

Pasrirenano e ypaBuenue Ha cdepa crnpsimo §. T'bit KaTo § € HeleUHUTHA MET-
puka, ypaBHeHueTo Ha cdepara CupsaMO g ce Npodpa3yBa B YpABHEHUs HA TPU BHUIA
KBaJ[PATUYHU [MOBbPXHUHY, BJIOYXKEHU B €BKJIMJIOBOTO IpOCTpaHCTBO. ToBa ca KOHYC,
[IPOCT XUIIepOOJION T ¥ JIBOCH XUIEPOOJIOH/I.
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