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ABSTRACT. We study the language-theoretic structure of fixed points and
finite Picard iterates for guarded g-power language operators. For the
general operator, we prove that a context-free seeded language determines
a unique context-free fixed point and give an effective construction of a
context-free grammar generating this fixed point, independently of the
initial language.We then consider a marked single-guard special case in
which two new symbols separate the recursive contribution from the the
contribution of the seed. In this setting, the initial language can be
traced and recovered exactly from every finite Picard iterate by means
of a regular slice and fixed-word quotients. This yields injectivity of the
finite-time maps and an abstract finite-time class-preservation principle.
As a consequence, we obtain a classification of the finite Picard iterates
according to the exact position of the initial language in the Chomsky
hierarchy. Thus the exact language-theoretic complexity may persist at
every finite stage, while all Picard orbits converge to the same context-free
fixed point.
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1. INTRODUCTION

Formal languages, grammars, and automata admit several natural fixed-
point interpretations. In particular, context-free grammars can be represented
by finite systems of language equations, with the languages generated by the
nonterminals forming the least solution of the corresponding system. Fixed-
point principles in formal language theory have been studied for decades, both
from the general viewpoint of language equations and through order-theoretic
and metric methods [II, 2 [3]. More recent investigations have substantially ex-
tended the theory of language equations, including equations involving concate-
nation and Boolean operations, their expressive power, uniqueness of solutions,
and associated decision and computability problems [4, [5].

A complementary viewpoint is obtained by equipping the space of formal lan-
guages with a metric determined by the shortest word on which two languages
disagree. This topology goes back to the classical work on metric spaces of lan-
guages and has subsequently been used in the study of topological properties
of language classes [6] [7]. Within this framework, guarded language operators
were recently introduced as contractive transformations whose recursive part
delays observable differences by a prescribed word length [§]. The framework
has since developed in several directions. Positive-negative guarded systems
have been studied by combining the same ultrametric geometry with a suitable
product order and weak monotonicity, leading to ordered fixed-point results
for systems containing both positive and complemented recursive dependen-
cies [9]. Finite-observation conditional guarded operators provide another ex-
tension, in which the operator may depend on finitely observable properties of
the input language and fixed-point behaviour can be governed by Kannan-type
conditions beyond ordinary Banach contractivity [10]. A further fixed-power
extension yields guarded operators with a prescribed positive language power
together with explicit contraction estimates, uniqueness of the fixed point, and
quantitative Picard convergence [I1].

The present paper develops two complementary aspects of the dynamics of
guarded ¢g-power language operators. We first study the properties of the fixed
point for the general operator. For a context-free seed, we prove that the unique
fixed point is itself context-free and also give an explicit effective construction
of a context-free grammar generating it. The construction is independent of
the initial language and shows directly that the context-free nature of the fixed
point is a structural consequence of the fixed-point equation, rather than merely
a consequence of invariance of the context-free class.

We then turn from the fixed point to the finite Picard iterates. A complete
classification cannot be expected for the general operator without additional
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separation assumptions, since the seed language may dominate the recursive
contribution and destroy all information about the initial language after finitely
many steps. We therefore consider a marked single-guard special case of the
general g-power operator, in which two new symbols for each guard distinguish
the recursive part from the seed. For this dynamics, we prove that the initial
language can be isolated by a regular slice and recovered exactly from every
finite Picard iterate. This leads to injectivity of the finite-time maps, a general
class-preservation principle, and a classification of the finite iterates according
to the exact position of the initial language in the Chomsky hierarchy. In
particular, the exact language-theoretic class of the initial state may persist at
every finite stage even though all Picard orbits converge to the same context-
free fixed point.

The paper is organized as follows. For the reader’s convenience, Section
includes an overview of some standard definitions, basic properties and pre-
viously obtained results, used later in the paper. In Section [3| we study the
language-theoretic structure of the unique fixed point of the guarded g-power
language operator introduced in [I1]. We prove that if the seeded language is
context-free, then independent from the initial language, the unique fixed point
of this operator is context-free. In Section [d] as our second main result the rela-
tion between the finite Picard orbits is studied and a full language classification
of the finite Picard iterates and their fixed points for the marked single guarded
special case of the guarded g-power language operator is obtained. In Section
some examples, illustrating the obtained theoretical results are presented.

2. PRELIMINARIES

This section collects the standard definitions, previously established results,
and closure properties used in the sequel. We recall the basic language-theoretic
notation, the length-based ultrametric on the space of formal languages, the
previously established contraction theorem for guarded g-power operators, the
Chomsky hierarchy and the relevant closure properties of its language classes,
and the classical connection between context-free grammars and language equa-
tions. No substantive result in this section is claimed as new.

Throughout the paper, ¥ denotes a fixed finite nonempty alphabet, >*
denotes the set of all finite words over X, including the empty word e, and
L = P(X*) denotes the set of all formal languages over 3. For w € ¥*| its
length is denoted by |w|.

Definition 2.1 ([12, [13]). A formal language over ¥ is any subset L C ¥*.
Its characteristic function is denoted by 1, : ¥* — {0, 1}, where 11 (w) = 1 if
w € L and 1 (w) = 0 otherwise.
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For languages A, B C ¥*, their concatenation is AB = {zy : x € A, y € B}.
For ¢ > 1, A? denotes the g-fold concatenation of A with itself. If u,v € ¥*
and L C ¥* we write uLv = {uwv : w € L}. For a fixed word u € ¥*, the
left quotient of L by w is u™'L = {w € ¥* : uww € L}, and for v € £*, the
right quotient is Lv~! = {w € ¥* : wv € L}. These conventions are standard
in formal language theory [12] 13| [T4].

Definition 2.2 ([12] [13] [14]). For a language L C ¥*, its Kleene star is the
language L* = J;—, L™, where L° = {e}. Thus L* consists of all words
obtained by concatenating zero or more words from L, with the concatenation

of zero words understood to be €. In particular, € € L* for every language L,
and * = {e}.
The metric used throughout the paper is the classical first-disagreement

metric on formal languages considered in the Bodnarchuk—Vianu framework
and in later works on the topology of language classes [0} [7].

Definition 2.3 ([6, [7]). For L, M € L, put v(L,L) = oo, while for L # M
define v(L, M) = min{|w| : 11 (w) # 1y (w)}. With the convention 27> = 0,
define d(L, M) = 277(L-M),

Thus v(L, M) is the length of the shortest word distinguishing L from M.
The distance therefore compares languages according to the shortest finite ob-
servation on which they disagree [ [7].

Lemma 2.4 ([6,[7]). Let L, M € £ and N > 0. Then d(L,M) < 27V if and
only if L and M agree on every word w € X* with |w| < N.

Definition 2.5 ([15]). Let X be a nonempty set. A function p: X x X —
[0,00) is an ultrametric if p(z,y) = 0 if and only if z = y, p(z,y) = p(y, x),
and p(z, z) < max{p(x,y), p(y,z)} for all x,y,z € X.
Theorem 2.6 ([0 [7]). The function d is an ultrametric on L, and the ul-
trametric space (L,d) is complete. The induced topology is the Cantor-type
topology obtained by identifying each language with its characteristic function
in {0,1}".
Theorem 2.7 ([7]). The family of the finite languages is dense in (L,d).

We shall use the classical Banach contraction principle in its standard form.

Theorem 2.8 ([16]). Let (X, p) be a nonempty complete metric space and let
T: X — X satisfy p(Tz, Ty) < cp(x,y) for all x,y € X, where 0 < ¢ < 1.
Then T has a unique fized point *). For every initial point xo € X, the
Picard iteration x,1 = Tx, converges to x*), and p(xn,x(*)) < c”p(xmm(*))
for every n > 0.
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The guarded language operators and their contraction theory were intro-
duced in [§]. The fixed-power generalization considered in the present paper
was established in [11].

Definition 2.9 ([I1]). Let ¢ > 1 be an integer, let S C X* be a seed language,
and let G = {(ur,v,) :7=1,...,p} CX* X ¥* be a finite nonempty family of
guards. The corresponding guarded g-power language operator T : £ — L is

defined by
p q
T,(L) = SU (U uerT> .

r=1

Its minimum guard length is m = miny <, <, (Ju.| + |v,]).

For ¢ = 1, Definition [2.9] reduces to the guarded language operator studied
in [g].

Theorem 2.10 ([II]). Let T, be the operator from Definition and as-
sume that m > 1. Then d(T4(L),T,(M)) < 279"d(L, M) for all L,M € L.

Consequently, T, has a unique fized point Ll(]*) € L. For every initial lan-

guage L®) € L, the Picard iteration L"*Y) = T,(L™) converges to L((J*), and
(L™, L)) < 270 (L), L) for everyn > 0.

Remark 2.11. To avoid confusion, we denote the fixed point of 7, by Lg*)

throughout the paper, whereas L* denotes the Kleene star of a language L.

We next recall the standard formal language classes of the Chomsky hierar-
chy and the closure properties that will be used later.

Definition 2.12 (|13, [14]). A deterministic finite automaton over ¥ is a tuple
A=(Q,%,0,q0, F), where @Q is a finite nonempty set of states, § : Q x ¥ — Q
is the transition function, go € @ is the initial state, and F C @ is the set of
accepting states. A language is regular if it is recognized by some deterministic
finite automaton.

Definition 2.13 ([I2] I4]). A formal grammar is a tuple G = (V, %, P, Sp),
where V' is a finite set of nonterminal symbols, V NY¥ =, Sy € V is the start
symbol, and P is a finite set of productions o« — 3, where o € (VUX)*V(VUX)*
and g € (VUX)™.

The classes of the Chomsky hierarchy are defined as follows.

(i) A grammar is unrestricted (Type 0) if no further restriction is imposed
on its productions. The languages generated by such grammars form
the class Lu,. Equivalently, £, is the class of recursively enumerable
languages.
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(ii) A grammar is context-sensitive (Type 1) if every production o — 3
satisfies |a] < |B], with the standard possible exception Sy — ¢, pro-
vided that Sy does not occur on the right-hand side of any production.
The corresponding class of languages is denoted by Les.

(iii) A grammar is context-free (Type 2) if every production has the form

A= a, AeV, ae(VUXD)".

The corresponding class of languages is denoted by L.

(iv) A grammar is regular (Type 3) if it is right-linear; its productions may
be taken in the form A — aB or A — a, where A,B € V and a € X,
with the standard possible exception Sy — ¢, provided that Sy does
not occur on the right-hand side of any production. The corresponding
class of languages is denoted by Lyeg.

Thus the Chomsky hierarchy gives the inclusions
Lreg CLef CLes CLyn CL.

It is well known that for |¥| > 1 (as in the case considered by us later) all
these inclusions are strict.

For later use, we also denote by Ly = £\ Lun the class of languages that
are not recursively enumerable.

Theorem 2.14 ([12, [14]). Each of the classes Lyeg, Lct, Les, Lun is closed
under finite union and concatenation, under intersection with a regular lan-
guage, and under left and right quotient by a fixed word.

Theorem 2.15 ([12| 13 14])). The class of context-free languages is closed
under finite union, concatenation, Kleene star, homomorphism, inverse homo-
morphism, intersection with a reqular language, and left and right quotient by a
reqular language. In particular, if L € Lo and u,v € ¥*, then uLv is context-
free, and the left and right quotients of L by fized words are context-free.

As an immediate consequence of the standard closure properties in Theo-
rem [2.15] the guarded g-power operator from Definition [2.9] preserves context-
freeness whenever its seed is context-free.

Corollary 2.16. If S € L, then Ty(Ler) C Lot

Lemma 2.17 ([12 4]). If the alphabet contains three distinct symbols a,b, c,
then the language {a™b™c™ : n > 1} is not context-free.

Finite languages are regular and therefore context-free [I3] [14]. Hence The-
orem implies that L is dense in L. It is also standard that over every finite
nonempty alphabet there exist languages that are not context-free [12] [14].
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Corollary 2.18. The metric subspace (L., d) is incomplete.

Remark 2.19. The preceding corollary is a consequence of the standard den-
sity and language-class properties recalled above [7, [12] [14]. Its relevance here
is that invariance of the context-free class under an operator does not, by itself,
ensure that the limit of a convergent Picard orbit is context-free. The context-
free nature of the limiting fixed point therefore requires a separate justification.

The following algebraic interpretation of context-free grammars by systems
of language equations is well known.

Theorem 2.20 ([3| 4]). Every context-free grammar can be represented by a
finite system of language equations whose right-hand sides are formed from fi-
nite unions and concatenations of variables and terminal words. The languages
generated by the nonterminals of the grammar form the least solution of the cor-
responding system. Conversely, finite systems of this grammar form provide an
equivalent algebraic representation of context-free grammars.

3. CONTEXT-FREE FIXED POINTS OF GUARDED ¢-POWER LANGUAGE
OPERATORS

In this section we study the language-theoretic structure of the unique fixed
point of the general guarded g-power language operator from Definition [2.9
Throughout the section, T, denotes this operator and its minimum guard length
is assumed to satisfy m > 1. By Theorem[2.10] there exists a unique fixed point
Lt(]*) € L and every Picard orbit converges to it independently of the chosen
initial language.

The contraction theorem determines existence, uniqueness, and convergence,
but it does not determine the language-theoretic nature of the fixed point. In
particular, although Corollary shows that the context-free class is invari-
ant under 77, this alone is insufficient to conclude that the limiting language is
context-free, since the context-free subspace is incomplete in the inherited ul-
trametric. Therefore we begin by determining the language class of the unique
fixed point directly.

Theorem 3.1. Let g > 1 and m > 1. If the seed language S is context-free,
then the unique fized point L,(;) of T, 1is context-free.

Proof. Let Gg = (V, 3, P, Sy) be a context-free grammar generating S. Choose
two new symbols X, B ¢ V U X, regard them as new nonterminals, and define
the grammar G, = (V U{X, B}, %, P;, X), where

P(;:PU{X—MSYO, X - B} U{B = u,Xv.:r=1,...,p}
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Here B? denotes the word consisting of ¢ consecutive occurrences of the non-
terminal B. Since V' and P are finite and only finitely many new nonterminals
and productions are added, Q(’Z is a context-free grammar.

Let K denote the language generated from X. Since the only productions
with left-hand side B are B — u, Xv,, the language generated from B is exactly
UP_, urKv,. Hence X — B9 generates exactly ((Jf_, u,Kv,)?, while X — S

generates S. Therefore

K=SU (LPJ uTKvT> =T,(K).

r=1
Thus K is a fixed point of Tj,.
According Theorem T, has a unique fixed point L((J*) in £. Conse-

quently, K = L((I*). Since Q(’Z is a context-free grammar generating K, the
language Lé*) is context-free. O
Proposition 3.2. Let ¢ > 1, m > 1, and suppose that S is generated by a
context-free grammar Gg = (V, 3, P, Sy). A context-free grammar for L,(I*) can
be constructed effectively from Gg, q, and G. The construction introduces ex-
actly two additional nonterminals and p+ 2 additional productions. In particu-
lar, it produces a grammar with |V|+2 nonterminals and |P|+p-+2 productions.

Proof. Use the grammar G, constructed in the proof of Theorem Besides
the productions of P, it contains the two productions X — Sy and X — B9,

together with one production B — u,.Xwv, for each r = 1,...,p. Thus exactly
two new nonterminals and p 4+ 2 new productions are introduced. Theorem 3.1
shows that this grammar generates L\ O

Remark 3.3. The construction in Proposition depends only on a grammar
for the seed, the fixed exponent ¢, and the guard family. It is completely inde-
pendent of the initial language used in the Picard iteration. In particular, no
effective representation of the initial language is required in order to construct
a context-free grammar generating the limiting fixed point.

Corollary 3.4. Letq > 1, m > 1, and assume that S is context-free. For every
initial language L\®) € L, the Picard iteration L") = Tq(L(")) converges to
the same context-free fived point Lg*), and

d(L™, Ly < 27amng(LO L) for every n > 0. (3.1)

Proof. The convergence and estimate (3.1]) follow from Theorem while

()

Theorem ﬂ shows that the common limit Ly is context-free. O
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Remark 3.5. No language-theoretic restriction is imposed on L(®) in Corol-
lary In particular, the initial language need not be context-free, decidable,
or recursively enumerable. It may be an arbitrary element of P(X*), while the
unique limit of its Picard orbit is nevertheless context-free whenever the seed
is context-free. Thus the language-theoretic complexity of the initial state may
affect the finite orbit but does not determine the language class of its unique
limit.

Corollary 3.6. Let ¢ > 1, m > 1, and assume that both S and LO gre
context-free. Then every Picard iterate L™ is context-free and L™ — L((Z*),
where L((I*) is context-free.

Proof. The assertion follows by induction from Corollary The initial
language L(©) is context-free by assumption, and whenever L(") is context-free,
Corollary gives L("t1) = T, (L) € L. The convergence follows from

Corollary [3.4| and Theorem gives L((J*) € Les. O

Remark 3.7. The conclusion LEI*) € L¢¢ does not follow merely from Corol-
lary [3:6] A convergent sequence of context-free languages may have a non-
context-free limit in the complete ambient language space because (L, d) is
incomplete. Theorem is therefore a structural statement about the fixed-
point equation itself rather than a consequence of invariance of the context-free
class.

4. CLASSIFICATION OF LANGUAGE CLASSES OF THE FINITE PICARD
ITERATES AND OF THE FIXED POINT FOR A SPECIAL CASE OF THE
GUARDED ¢-POWER OPERATOR

The preceding section determines the language-theoretic nature of the unique
fixed point for the general guarded g-power operator. We now turn to a differ-
ent question: what can be said about the language classes of the finite Picard
iterates before the limit fixed point is reached?

For the general operator from Definition [2.9] no classification of the finite
iterates solely in terms of the initial language can hold without additional as-
sumptions. Indeed, consider the admissible choice S = ¥*. Then, for every
language L C ¥, T,(L) = * U (UF_, urLv,)? = ¥*. Consequently, indepen-
dently of the initial language L(®), one has L(Y) = ¥* and all subsequent Picard
iterates coincide with the fixed point ¥* which is regular. Thus the seed may
completely dominate the recursive part of the operator and erase, already after
one step, any language-theoretic distinction between different initial languages.
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The preceding example shows that the general operator T, may erase all
information about the initial language after a single Picard step. To prevent
the seed from masking the recursive contribution, we introduce a marked special
case, denoted by Tj,,. Two new symbols mark the left and right guards and
distinguish the recursively generated words from the seed, while both the seed
and the initial language remain over the original alphabet. This separation
is the basis for the possibility of exact recovery of the initial language from
every finite Picard iterate and for the classification established below under
the corresponding assumptions on the seed and the initial languages.

Definition 4.1. Let ¥ be a finite nonempty alphabet, let z,y ¢ ¥ be two
distinct new symbols, and put I' = ¥ U {z,y}. Let ¢ > 1 be an integer and
let S C ¥* be a seed language. The marked single-guard g-power language
operator Ty, : P(I'*) — P(I'*) is defined for L C T'* by

Tym(L) = SU (zLy)?.

Here the letter m in the subscript is a fixed label indicating the marked case
and does not denote the minimum guard length.

The operator Ty, is the special case of Definition over the enlarged
alphabet T' obtained by taking p = 1 and the single guard (ui,v1) = (x,y).
The seed and the initial language are assumed to satisfy S, L(%) C ¥* c T'*,

Throughout the remainder of this section, the ambient alphabet is I'. Ac-
cordingly, we write £ = P(I'*), and the symbols Lreg, Lof, Les, Lun refer to
the corresponding language classes over I'. Languages over the original alpha-
bet ¥ are identified with their natural copies in I'*. This enlargement of the
ambient alphabet does not change their membership in any of the classes of
the Chomsky hierarchy. In particular, L,n = £\ Lyn denotes, in this section,
the class of non-recursively enumerable languages over I'.

The same convention applies to the language ultrametric. Throughout this
section, d denotes the first-disagreement ultrametric of Definition [2.3Jon P(I'*),
with word lengths taken in I'*. Consequently, Theorem and the contraction
result in Theorem apply to the marked operator over the ambient alphabet
r.

The role of the new symbols z and y is to mark the recursive part of the
dynamics. Since S C ¥*, no word of the seed contains either marker, whereas
every word produced through the recursive term (zLy)? necessarily contains
both = and y. Hence S N (xLy)? = for every L C T'*. Thus, once infor-
mation from a previous Picard iterate passes through the guard, it remains
distinguishable from the newly inserted seed contribution.



44 A. ILCHEV, H. KISKINOV, G. PASHEV, AND B. ZLATANOV

The results below show that this separation has a strong consequence: the
initial language remains exactly traceable and recoverable from every finite
Picard iterate. This will ultimately allow us to classify the finite orbit according
to the exact position of the initial language in the Chomsky hierarchy, while
the limiting fixed point remains context-free.

Remark 4.2. Since the marked operator is a special case of the general
guarded g-power construction over the ambient alphabet I', all fixed-point re-
sults from the preceding section remain applicable. In particular, whenever
S € L., the operator has a unique context-free fixed point Lg*), and every
Picard orbit converges to this same fixed point independently of the initial
language.

For the remainder of this section, we use the following conventions. Let
T,m be the marked operator from Definition with fixed integer ¢ > 1 and
seed S C ¥*. The alphabets ¥ and I' = ¥ U {x,y} are as specified in that
definition. We write £ = P(I"*), and all language classes are understood over
I'. For an arbitrary initial language H C X*, its Picard orbit is denoted by
LO =H, LY =171, (L™), n > 0. The unique fixed point of T, is
denoted by L,(J*).

For each word z € ¥*, define the auxiliary words z,,a,, 8, by zo = z,
ap = Bo = ¢, and zp11 = (22,9)7,  ny1 = TQn,  Boy1 = Buy(zz,y)?,
n > 0. Here w® = ¢ for every word w. We also set R,, = a,X*3, for every
n > 0.

Theorem 4.3. Let H # and choose z € H. With the notation above, for every
n >0, one has z, € L™, the language R,, is reqular, and

LN R, = anHpBy. (4.1)

Proof. We first show that z, € L(") for every n > 0. Since 2y = z € H = L),
the assertion holds for n = 0. If z, € L™, then 2,1 = (z2,9)? € (xL™My)7 C
L+t Hence the assertion follows by induction.

Since R, = o, X*,, is obtained from the regular language >* by concatena-
tion with the two fixed words «;, and f3,, the language R, is regular for every
n > 0.

Let 7 : T — {z,y}* be the homomorphism that erases every symbol of the
original alphabet ¥ and keeps only the symbols  and y. For a word v € {x, y}*,
define its balance by §(v) = |v|; — |v],. We establish two structural properties.

First, for every k > 0 and every w € L), the projection m(w) is a Dyck
word: its total balance is zero and every prefix has nonnegative balance.
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For k = 0, one has L(®) = H C ¥*. Since neither z nor y occurs in any word
of H, one has 7(w) = ¢ for every w € L),

Assume that the assertion holds for every word of L(¥). Since S C ©*, every
seed word s € S also satisfies 7(s) = e. Every other word of L(**1) belongs to
(zL(’“)y)q and is therefore a concatenation of ¢ blocks of the form xwy, with
w € L®). By the induction hypothesis, 7(w) is a Dyck word, and therefore
xm(w)y is again a Dyck word. A concatenation of ¢ such words is also a Dyck
word. Hence the assertion holds for L*+1),

Moreover, if w € L*)| then zw(w)y has strictly positive balance on every
proper nonempty prefix and returns to balance zero only at its final symbol.
Consequently, every word in (:cL(k)y)q has a unique decomposition into its
q top-level factors zwny,...,zwqey, w; € L®) | and the factor boundaries are
determined uniquely by the successive returns of the x-y balance to zero.

Second, we claim that w(r) = 7(z,) for every r € R,,.

For n = 0, one has Ry = ¥*, while z9p = z € H C ¥*. Hence n(r) = ¢ =
7(zo) for every r € Ry.

Assume that the claim holds for some n > 0. From the recursive definitions
of a,, and B, Ruy1 = xR,y(x2,y)?" L. Thus every ' € R, has the form
v’ = xry(zz,y)?~! for some r € R,,. Using the induction hypothesis gives

7(r') = :z:7r(7’)y(mr(zn)y)qf1 = (xw(zn)y)q =7m(znt1)-

This proves the second structural property.

We now prove by induction on n.

For n = 0, one has Ry = ¥* and L = H C ©*. Therefore L©® N R, =
H= OéoHﬁo.

Assume that holds for some n > 0. Since R,y 1 = zR,y(xz,y)? t,
every word of R,y; contains the new symbol x, whereas every word of the
seed S belongs to X* and therefore contains neither z nor y. Consequently,
R,+1 NS =. Hence every word in L+ N R, 11 must belong to the recursive
part (zL(My)a.

Every word in R, 1 has the form zry(zz,y)?"!, r € R,. By the second
structural property, m(r) = 7(z,). Since m(z,) is a Dyck word, the projection
of xry is primitive: its balance is strictly positive on every proper nonempty
prefix and returns to zero only at the final y. Therefore xry occupies exactly
one top-level block in the unique decomposition described above. When ¢ > 1,
it is followed by exactly ¢ — 1 top-level blocks equal to zz,y.

Suppose that the displayed word also belongs to (zL(™%)?. By uniqueness
of the top-level decomposition, its first interior word must satisfy r € L™,
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while the remaining ¢ — 1 interior words are z, € L(™. Since also r € R,,, we
obtain LtV N R, C x(L(”) NR,)y(zz,y)it.

Conversely, let » € L™ N R,. Since z, € L™, zry(zz,y)9~ " € (xL™y)d.
The same word belongs to Ry, 41 = 2R, y(22,y)7 !, and hence zry(zz,y)?~ " €
LY AR, 1. Therefore L®tY N R, = z(L(”) N Ry )y(wz,y)7 "

Applying the induction hypothesis gives

LY AR,y = 2o HBny(220,y) 7t = a1 HBnt1.

Thus (4.1 holds for every n > 0. O

The preceding trace identity allows us to go one step further: the initial
language can be reconstructed exactly from every finite Picard iterate. Thus
no information about the initial state is lost at any finite stage of the dynamics.

To compare initial languages containing a common distinguished word, for
each z € ¥* we set ), = {H C ¥*: z € H}. For H € ), we write Lg) =H
and LE{;H) = Tqm(L(I_;L)) to indicate explicitly the dependence of the Picard
orbit on H. For every n > 0, define F,, : $, — P(I'"*) by F,,(H) = Lg?). With
z fixed, the auxiliary words z,,ay, 8, and the regular language R,, are the
same for all H € ..

Theorem 4.4. Let z € ¥*. For every H € §, and n > 0, the initial language
18 recovered from its Picard iterate by

H= (a,;l (L™ N Rn)) g1, (4.2)
Consequently, the map F,, : $, — P(I'*) is injective for every n > 0.
Proof. Let H C ¥* be nonempty and choose z € H. By Theorem [4.3
LANR, = anHp, for every n > 0.
Taking the left quotient by the fixed word «,, gives
a, (L™ N Ry,) = oy (0 HBn) = HBp.

Indeed, cancellation in the free monoid implies that a,w € a, HfB, if and only
if w € HpB,. Taking next the right quotient by the fixed word S,, yields

(a;l(L(”) N Rn)) Bt =(HB,)B, ' =H.
This proves .

We now prove the injectivity statement. Fix z € ¥* and let Hy, Hy € $,.
Since the same distinguished word z belongs to both languages, the sequences
Zn, Qn, Brn and the regular language R, = «a,%*B, are identical for the two
Picard orbits.
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Suppose that, for some finite n, F},(H1) = F, (H2). Applying the recovery
formula (4.2)) to this common finite iterate gives

Hy = (o, (Fo(HW) N Ry,)) Byt = (o (Fu(H2) N Ry)) Byt = Ho.
Therefore F, is injective for every finite n. O]

Corollary 4.5. Under the assumptions of Theorem[].]}, every finite-time map
F,:9., — P

1$ injective, while
sup d(F,(H),L{)) <272, (4.3)
HESH.

Consequently, the sequence of injective maps F,, converges uniformly on $, to

the constant map Foo(H) = LEI*).

Proof. Injectivity follows from Theorem [£.4] In the present construction the
single guard is (z,y), so the minimum guard length is m = 2. The contraction
estimate from Theoremtherefore gives d(F,(H), L((Z*)) < 272and(H, L,(J*)) <
2724" because the language ultrametric takes values in [0,1]. The bound is
independent of H, which proves and hence uniform convergence to the
constant map H — L((I*). 0

Remark 4.6. Corollary separates finite-time information from asymptotic
behaviour. At every finite stage the Picard dynamics still distinguishes all
initial languages in £, since F,, is injective and the initial language can be
reconstructed exactly. Nevertheless, the same maps converge uniformly to a
constant map. Thus no finite stage loses the encoded initial information, al-
though this information disappears completely from the limit state.

We now turn to the preservation of language classes under the marked Pi-
card iteration. For a class ¥ C L, we consider the following recovery closure
properties:

(R1) If L € € and R C T is regular, then LN R € €.

(R2) If L € € and u,v € I'* are fixed words, then v 'L € ¢ and Lv~! € ¢.

Theorem 4.7. Let H #, and let € C L satisfy (R1)-(R2).
Then, for every n > 0,

LMe¢¥ — He% (4.4)

and

H¢® — LMW¢s. (4.5)
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If, in addition,
Tym (%) C F, (4.6)
then, for everyn >0,
He¢ +— L"e%. (4.7)

Proof. We first prove the backward implication . Let n > 0 be fixed and
suppose that L") € 4.

By Theorem there exist fixed words «,,, 5, € I'* and a regular language
R, = a,,X*f3,, such that

H = (o, (1" N Ry) ) B, (4.8)

Since R,, is regular and L™ € ¥, property (R1) gives L™ N R,, € €.
Applying the left quotient by the fixed word «,, and using property (R2), we
obtain oz;l(L(") N Rn) € €. A second application of (R2), now to the right
quotient by the fixed word S, gives (a;l (L(”) N Rn)) Bt e €. By e
language on the left-hand side is exactly H. Hence H € %. This proves (4.4)).

Taking the contrapositive immediately yields H ¢ € = L™ ¢ % for every
finite n > 0, which proves (4.5).

Assume now, in addition, that Ty, (%) C %. Suppose first that H € %.
Since L(® = H, we have L®) ¢ . If L¥) € ¥ for some k > 0, then the
invariance assumption gives L*+1) = Tqm(L(k)) € €. Therefore, by induction,
H e % = L™ €€ for every n > 0.

The converse implication has already been proved in . Hence, for every
finite n > 0, H € € <= L") € €. This proves [{&.7). O

Remark 4.8. Theorem separates two independent mechanisms. The re-
covery closure properties prevent a finite Picard iterate from entering a class
that does not contain the initial language, while forward invariance prevents
an orbit starting inside the class from leaving it. When both mechanisms are
available, class membership becomes an exact finite-time invariant of the dy-
namics.

The abstract preservation principle established above can now be applied to
the successive classes of the Chomsky hierarchy. This allows us to determine
not merely whether a finite Picard iterate belongs to a given language class,
but whether it remains in the same exact layer of the hierarchy as the initial
language.



CONTEXT-FREE FIXED POINTS AND COMPLETE CLASSIFICATION 49

For the classification below, we use the Chomsky classes from Definition [2.13
for languages over I' and set

Type(—1) = L, Type(0) = Ly,
Type(l) = Les, Type(2) = Leg,
Type(3) = Lreg, Type(4) =.

The exact layers of the extended hierarchy are D; = Type(i) \ Type(i + 1),
where i € {-1,0,1,2,3}.

Theorem 4.9. For the marked Picard orbit of T, the following assertions
hold.

(i) If S € L, then for every i € {—1,0,1,2} and n > 0,

L9 ep, = LMWeD, (4.9)
(it) If S € Lycg, then for every i € {—1,0,1,2,3} and n >0,

LOep, = LMeD, (4.10)

In both cases, L") — Lg*) € L, and the limit depends only on Ty, not on
the initial language L9,

Proof. We apply Theorem [£.7] to the successive classes of the extended Chom-
sky hierarchy.

By Theorem each of the classes Lyeg, Lof, Los, Lun satisfies the re-
covery assumptions (R1)—(R2) of Theorem The same is trivially true for
Type(—1) = P(T™*).

Furthermore, Theorem implies that whenever S € Type(i), the class
Type(i) is invariant under Ty,,,. Indeed, if L € Type(i), then (xLy)? € Type(i),
and hence Ty, (L) = S U (zLy)? € Type(i).

We first prove part (i). Assume that S € Lqf = Type(2).

Consider first i = —1. If H = L(® € D_;, then H ¢ Ly,,. Since Ly,
satisfies the recovery assumptions of Theorem its contrapositive part gives
LM ¢ L, for every finite n > 0. Since every L") € Type(—1) = L, we obtain
L™ e D_, for every finite n > 0.

Now let i € {0,1,2} and suppose that H = L(®) € D;. Then H € Type(i) and
H ¢ Type(i+ 1). Since S € Type(2), the inclusions of the Chomsky hierarchy
imply S € Type(i). Hence Type(4) is invariant under 7y,,, and Theorem
gives L") € Type(i) for every finite n > 0.

On the other hand, Type(i+1) satisfies the recovery assumptions of the same
theorem. Since H ¢ Type(i + 1), the contrapositive implication gives L(") ¢
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Type(i + 1) for every finite n > 0. Therefore L™ € Type(i) \ Type(i+1) = D;
for every finite n > 0. This proves part (i).

We next prove part (ii). Assume that S € L,es = Type(3). Then S € Type(i)
for every i € {-1,0,1,2,3}.

For ¢ € {—1,0,1,2}, the argument from part (i) applies without change and
gives H € D; = L") € D; for every finite n > 0.

It remains to consider ¢ = 3. Since D3 = Type(3) \ Type(4) = Licg, let
H=10 ¢ Lrcg. Because S is regular and the regular languages are closed
under concatenation and finite union, the class L, is invariant under Tgy,.
Therefore L™ ¢ Lreg = D3 for every n > 0. This argument also covers the
case H =.

Finally, in part (i) the seed is context-free by assumption, while in part (ii) it
is regular and hence context-free. Consequently, Theorem gives Lg*) € L.
By the contraction theorem, L(™ —s Lg*) for every initial language L(®). Since
the fixed point is unique, it depends only on the operator T, and not on the
initial language.

Thus every exact Chomsky layer specified in parts (i) and (ii) is preserved
at every finite Picard stage, whereas all corresponding orbits converge to the
same context-free fixed point. d

Corollary 4.10. Assume that S € Lcf\Lreg. For the marked operator Ty, (L) =
S U (xLy)?, the unique fized point satisfies Lg*) € Lof \ Lyeg-

Proof. By Theorem L((J*) € L. Since Lé*) =SU (ath(;)y)q7 every word
in the recursive part contains the new symbols =z and y, whereas every word
of S belongs to ¥*. Consequently, L,(J*) N =S5 1If L,(J*) were regular, then,
since ¥* is regular and the regular languages are closed under intersection, the
language S = L,(I*) NY* would also be regular. This contradicts S ¢ L. Hence

LY € Lo\ Lyeg- 0

Corollary 4.11. Assume that S € Let \ Lreg and that LO = g ¢ Lreg.
For the marked operator Ty, (L) = S U (xLy)?, one has L®) € Lyoq, while
L™ e L \ Lyeg for every n > 1.

Proof. Since both S and H are context-free, closure under concatenation and
finite union gives L™ ¢ L for every n > 0.

For every n > 1, the recursive part of L") = S U (xL("’l)y)q contains
the fresh marker symbols x and y, whereas every word of S belongs to ¥*.
Consequently, L(™) N¥* = S for every n > 1.
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Suppose that L(™) were regular for some n > 1. Since X* is regular and
the regular languages are closed under intersection, it would follow that S =
L™ N ¥* is regular, contradicting S ¢ L:og. Hence every LM, n > 1, is
context-free but nonregular. O

The conclusions of Theorem .9 and Corollaries [£.10] and E.11] are summa-
rized in Tables[d.1]and[4.2] In each table, the first column gives the class of the
initial language, the second describes the finite Picard iterates, and the third
gives the class of the common fixed point. The first table covers the case of a
regular seed, while the second covers the case of a genuinely context-free seed.

TABLE 4.1. Case I: Classification of the finite Picard iterates
and of the fixed point when S € L,¢g.

Class of L Class of L™ Class of Lé*)
Lreg Lreg Lot
Lot \ Lreg Lot \ Lreg Let
Les \ Lot Les \ Lot Lot
Lun \ Les Lun \ Les Lt
Lo = L\ Lun L Les

TABLE 4.2. Case II: Classification of the finite Picard iterates
and of the fixed point when S € L \ Lreg-

Class of L Class of L™ Class of Lg*)
n>1

ﬁreg ﬁcf \ Lreg ch \ Ereg

ch \ Ereg [:cf \ l:reg ch \ Lreg

Ecs \ £cf Lcs \ Ccf ch \ L:reg

ﬁun \ [fcs Lun \ »Ccs ch \ Ereg

L"nrn =L \ Eun L"nrn ['cf \ Acreg
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5. EXAMPLES

In each of the following examples, we take ¢ = 2 and denote the correspond-
ing marked operator Ty, from Definition {.1] by Ta,.

We conclude with four examples illustrating the main structural phenomena
established above. The first gives an explicit context-free fixed point for the
marked g-power dynamics. The second illustrates the finite-time trace and
exact recovery of the initial language. The third shows preservation of every
exact layer of the extended Chomsky hierarchy when the seed is regular. The
fourth considers a genuinely context-free seed and a regular initial language,
showing that the orbit leaves the regular class after the first Picard step and
remains genuinely context-free at every subsequent finite stage.

Example 5.1. Let ¥ = {c}, let 2,y ¢ X be two distinct new symbols, and
put I' = ¥ U {z,y}. Take the regular seed S = {c}, let ¢ = 2, and consider the
operator Ty, : P(I'*) — P(I'*) defined by Ty, (L) = {c} U (xLy)?. The single
guard is (z,y), so its length is m = |z| + |y| = 2. Hence Theorem [2.10] gives
d(Tom (L), Tap (M)) < 27%d(L, M), and therefore Ty,, has a unique fixed point
L.

Since the seed is finite and hence context-free, Theorem implies that
Lg*) € L. The fixed-point grammar can be written particularly simply. In-
troduce two nonterminals X and B, take X as the start symbol, and use the
productions

X —c¢| BB, B — zXy.

If K = L(X), then B generates Ky, while X — BB generates (zKy)?.
Consequently, K = {c} U (xKy)? = Ty,,(K). By uniqueness of the fixed point,
K =1L

For instance, starting from L(®) = gives L(Y) = {¢} and L! {c, zcyzcey}.
The finite iterates depend on the chosen initial language, whereas the fixed
point does not. Every Picard orbit of this operator converges to the same
context-free language L.

This example illustrates the first main phenomenon of the paper: the lan-
guage class of the limiting fixed point is determined by the operator and its
seed, independently of the language from which the Picard iteration starts.

2) _

Example 5.2. We next illustrate Theorems and Let ¥ = {a,s},
let x,y ¢ ¥ be two distinct new symbols, and put I' = ¥ U {z,y}. Take the
regular seed S = {s}, let ¢ = 2, and define Ty, (L) = {s} U (zLy)?. Let
H =10 = {a,aa} C ¥* and choose the distinguished word z = a € H.
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At time n = 0, one has zp = a, ag = By = ¢, and Ry = ¥*. Hence LONR, =
H.
At the first Picard step, x Hy = {xay, xaay}, and therefore

LW = {s, rayzray, rayxraay, raayxray, racyraay}.

The distinguished word evolves according to z; = (zay)? = rayxay. Moreover,
a1 =z and f1 = y(zay) = yxay. Thus Ry = zX*yzay.
Among the words of L(Y)| exactly zayzay and raayzay belong to R;. Hence

LY NR, = {zayzay, vaayzray} = x{a, aa}yray = a1 HP;.
The initial language is therefore recovered exactly by
x_l(L(l) N R1)(yzay) ' = {a,aa} = H.

At the second step, oy = zx and fo = S1y(xz1y). Hence Ry = xaX*fs. The
trace identity gives directly LX) N Ry = zxHpy = {zxafs, xraaBs}. Applying
the left quotient by xx and the right quotient by £y again recovers H.

The same mechanism holds at every finite stage: L™ N R,, = o, Hf,, and
consequently H = (a; 1(L(") N Rn)) B;L. Thus the initial language remains
exactly encoded in every finite Picard iterate, even though the orbit converges
to a fixed point that is completely independent of H.

The example also makes the injectivity result transparent. If Hy, Hy C 3*
contain the same distinguished word z and satisfy T3 (Hy) = T3, (H2) for
some finite n, then the same regular slice and the same fixed-word quotients
recover both initial languages. Hence Hy = Hs.

Example 5.3. We now illustrate Theorem simultaneously across the ex-
tended Chomsky hierarchy.

Let ¥ = {a,b,c,s}, let z,y ¢ ¥ be distinct new symbols, and put I' =
Y U {z,y}. Take the regular seed S = {s}, let ¢ = 2, and consider Ty, (L) =
{s}U(xLy)?. Since the seed is regular, part (ii) of Theorem applies to every
layer of the extended hierarchy.

Consider first the regular initial language Hs = a*. If Lgi = Hs, then
L(}Z’) € Lyeg for every finite n > 0.

Next, let Hy = {a*b¥ : k > 1}. This language is context-free but not regular.
Therefore L;};) € Lo \ Lyeg for every finite n > 0, where L(Oz = H,.

Now take H; = {aFb¥cF : k > 1}. The language H; is context-sensitive but

not context-free. Hence, if ng = Hy, then L;?l) € Les \ Lo for every finite
n > 0.
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By the strictness of the Chomsky hierarchy, choose a nonempty language
Hy € Ly \ Les- Then the corresponding orbit satisfies Lgﬁ € Lun \ Les for
every finite n > 0.

Finally, choose a language H_; € P(X*)\ L. For the Picard orbit starting
from H_;, Theorem |4.9|yields Lgf;jl € P(I'*) \ Lyy for every finite n > 0.

Thus, with a regular seed, every exact layer of the extended Chomsky hier-
archy is preserved at every finite Picard step. In particular, the finite dynamics
cannot move an initial language into a strictly smaller Chomsky class.

The limiting behaviour is fundamentally different. Since the seed S = {s}

is context-free, Theorem gives Lg*) € L. All five Picard orbits above

converge to this same fixed point. Consequently, for example, LE‘Z) € Les \ Lot
for every finite n, Lg}? — Lé*) € L. Likewise, an orbit may remain outside
the recursively enumerable class at every finite stage and nevertheless converge
to the same context-free fixed point.

This is the finite-time versus limiting phenomenon captured by the central
theorem: the exact Chomsky layer of the initial language is preserved through-
out every finite stage, while the limiting language may belong to a strictly
smaller class.

Example 5.4. The preceding example uses a regular seed and shows preserva-
tion of every exact layer of the extended Chomsky hierarchy. We now illustrate
the different behaviour produced by a genuinely context-free seed when the ini-
tial language is regular.

Let ¥ = {a,b}, let z,y ¢ 3 be two distinct fresh symbols, and put ' =
YU {x,y}. Take S = {a®b* : k > 1} € Lt \ Lreg, let ¢ = 2, and consider
Tom(L) = S U (zLy)?. Choose the regular initial language L(®) = {e}.

At the first Picard step, L(Y) = S U {zyxy}, and therefore LW e L \ Lreg-

In fact, the same conclusion holds at every later finite step. For each n > 1,
L™ = S U (zL™ Yy)2. Every word in the recursive part contains the marker
symbols z and y, whereas every word of S belongs to ©*. Hence L™ N¥* = §
for every n > 1. If some L(”), n > 1, were regular, then its intersection with
the regular language ¥* would also be regular. This would imply that S is
regular, a contradiction. Consequently, L™ € L\ Lyeg for every n > 1.

Thus a regular initial language leaves the regular class immediately when the
seed is genuinely context-free, and all subsequent finite Picard iterates remain
genuinely context-free. Moreover, Corollary gives Lé*) € Lo \ Lreg, and
the orbit converges to this same genuinely context-free fixed point.

This example illustrates Corollaries and and completes the classi-
fication summarized in Tables 1] and .2
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BE3KOHTEKCTHMU HEIIOABV>KHUW TOYKMN 1 II'bJIHA
KIIACUPUNKAIINA HA OPBUTUTE ITPU NTEPAIITIVITE HA
PICARD 3A CTEITEHHUN OITEPATOPU C TAPAOBE BBbPXY

®OPMAJIHU E3UIIN

Aranac WMirues, Xpucro Kuckunosn, Teopru Ilames, Bosu 3matanos

Pesrome. Uzcaeasame ot ryieiHa ToUKa Ha TEOPUATA Ha (DOPMAHUTE €3UIHA CTPYK-
TypaTa Ha HEIOJ[BUXKHUTE TOYKY U Ha €3UINATE, [IOJIyYEHH CJIe]l KpaeH Opoil ureparun
Ha Picard, 3a ¢-crenennu omeparopu ¢ rapjoBe. 3a obIIusi OlepaTop JoKa3BaMe, de
GE3KOHTEKCTEH 6a30B €3UK OIPeJIe/isl eIMHCTBeHa OE3KOHTEKCTHA HETOIBUKHA, TOYKA,
¥ maBaMe e(peKTHBHO TOCTPOEHNE Ha OE3KOHTEKCTHA TPAMATHKA, KOSTO TOPAXK I TA3KN
HEMOJBIMXKHA TOYKA, HE3ABUCUMO OT HadayHus e3uK. CJie/l ToBa pas3rjekaaMe Map-
KUPAH YacTeH CJIydail C 110 €JIUH rap, Py KOWTO JABa HOBU CUMBOJIA PA3rPDAHUYABAT
PEKYPCUBHHs IPUHOC OT IPHHOCA Ha 6a30BUsI €3uK. B To3n ciryuail HaYaHUAT €3UK
MOXKe JIa O'bJie TIPOC/Ie/IeH U Bb3CTAHOBEH TOYHO OT BCEKM €3UK, MOJIYUEH CJIe]] KPaeH
6poit urepanuu Ha Picard upe3 cedeHme ¢ peryssipeH €3WMK W TOCJIEIOBATEHO B3e-
MaHe Ha JIsIBO U JISICHO 9acTHO 1o dukcupanu aymu. OTTYK C/I€IBAT MHEKTUBHOCTTA
Ha CbOTBETHUTE UTEPAIMOHHY M300parkeHust 1 abCTpaKTeH IPUHITHIL 38 3alla3BaHe Ha,
[IPUHAJIE’KHOCTTa K'bM KJIACOBE OT e3WIy Ipu KpaeH 6poit mrepanuu. Karo cuemc-
TBUE IOJIydYaBaMe KJIACU(DUKAIMS HA €3UINTE, MTOJIyYEHU CJie)] KpaeH Opoil urepaiun
na [lukap, cmopes TOYHOTO MSICTO Ha HaYaJHUS €3UK B iepapxusta Ha Chomsky. Ta-
Ka TOYHATA CJIOXKHOCT B CMHChJIA HA TEOPHUSTA HA (DOPMAHUTE €3UIM CE 3aIa3Ba Ha
BCEKM KpaeH eTall, JI0OKaTo Bcudyku opoutu Ha Picard ca cxomdmu KbM e€IHA M CbhIa

OE3KOHTEKCTHA HEIIoABU>KHa TOYKa.
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