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Abstract. Let G be a separable abelian p-group with a basic subgroup B and let K be a field of a characteristic not equal to p where p
is a prime number. In this paper we prove that the group S(KB) is a
basic subgroup of S(KG).

Key words: commutative group algebras, unit groups, separable abelian
p-groups, basic subgroups
Mathematics Subject Classification 2000: 16S34, 20C07
1. Introduction
The first papers about infinite group algebras are the articles of Berman [12], Berman-Rossa [3], Bovdi-Pataj [5], May[10], Mollov [12, 14-16], Nachev [1021], Nachev-Mollov [22] and others. Let RG be the group algebra of an abelian
group G over a commutative ring R with identity. Denote by tG the torsion
subgroup of G, by Gp be the p-component of G, by U (RG) the multiplicative
group of RG and by S(RG) the Sylow p-subgroup of the group V (RG) of
normalized units of RG, i.e. the p-component of V (RG). The investigations
of this group begin with the fundamental papers of Berman S. [1-2]) in which
a complete description of S(RG) (up to isomorphism) is given, when G is a
countable abelian p-group and R is a countable field. Further Mollov T. [11-12]
calculates the Ulm-Kaplansky invariants fα (S) of the group S(RG) when G is
an arbitrary abelian group and R is a field of positive characteristic p. When R
is a commutative ring with identity of prime characteristic p without nilpotent
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elements Bovdi A. and Pataj Z. [5] calculate the Ulm-Kaplansky invariants of
S(RG) under the following restriction: if the maximal divisible subgroup of
Gp is not identity, then R is a p-divisible ring, i.e. Rp = R. Nachev N. and
Mollov T. [22] calculate the invariants fα (S) with the only restriction on G to
be an abelian p-group. Nachev N. [21] calculates the invariants fα (S) without
restrictions on G and R. Moreover, in all indicated cases the authors give a full
description, up to isomorphism, of the maximal divisible subgroup of S(RG).
Let G be an abelian p-group and let K be a field whose characteristic
is different from p. Berman S. and Rossa A. [3-4] have given a description
of the torsion subgroup tV (KG) of V (KG) when G is a countable abelian
p-group and K is a field. Let R be a commutative ring with identity, such
that the characteristic of R does not divide the orders of the elements of G.
N. Nachev [19-20] has given a description of the torsion subgroup tV (RG)
of V (RG) when G is an abelian p-group and R contains the pn th roots of
unity, n ∈ N. Karpilovsky G. [9, 5.2.5 Theorem, p.126] has determined the
isomorphism class of U (QG) when G is a finitely generated abelian group.
Mollov T. [11-13, 15-17] has described the torsion subgroup tV (RG) of V (RG)
when G is an abelian group and R is a field. Mollov T. [14] has also described
V (RG), up to isomorphism, when either
(a) G is an infinite direct sum of cyclic p-groups and R = Q or
(b) G is an abelian p-group and R = R.
Chatzidakis Z. and Pappas P. [6] have determined the isomorphic class of
U (RG) when the torsion abelian group G is a direct sum of countable groups
and R is a field. Nachev N. and Mollov N. [23-24] describe U (RG), up to
isomorphism, when G is an abelian p-group and at least one of the following
conditions (a) or (b) is fulfilled:
(a) the first Ulm factor G/G1 of G is a direct sum of cyclic groups and R
is a field of the first kind with respect to p;
(b) R is a field of the second kind with respect to p.
If R is a direct product of m indecomposable rings Ri , m ∈ N, Mollov T.
and Nachev N. [18] give a description of the unit group U (RG) of RG in the
following cases:
(a) when Ri is a ring of prime characteristic pi , tG/Gpi is finite and the
exponent of tG/Gpi belongs to Ri∗ ;
(b) when Ri is of characteristic zero, Ri has no nilpotents, tG is finite of
exponent n and n ∈ Ri∗ .
Danchev P. [7] make an attempt to find the basic subgroup of S(KG).
However he has a difficulty to obtain this result.
This paper is organized as follows. Section 1 is an introduction. In Section
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2 we prove some preliminary results. In Section 3 we formulate and give the
main result.
The abelian group terminology is in agreement with [8].
2. Preliminary results
If G is an arbitrary additive abelian p-group, then the basic subgroup B
of G is defined in the book of Fuchs [8]. Since the groups which we shall consider
are multiplicative, then we have to change some concepts.
For example, instead
`
direct sum we shall use coproduct with a sign
and instead the equation
n
pn x = a we shall use the notation xp = a.
In the beginning we shall prove the following technical lemma.
Lemma 2.1. Let G be an abelian
T group and let K be a field. Suppose H
and F are finite subgroups of G, H F = 1, x ∈ KH, y ∈ KF , y 6= 0 and
xy = 0.
Then x = 0.
P
P
Proof. Let x =
xh h and y =
yf f . Then
h∈H

f ∈F

xy =

XX

xh yf hf = 0.

h∈H f ∈F

T
Since H F = 1, then the products hf form a group basis of the algebra
K(HF ). Then the above formula implies xh yf = 0 for every h ∈ H and f ∈ F .
Since y 6= 0, then yf 6= 0 for some f ∈ F and xh yf = 0 implies xh = 0 for
every h ∈ H. Therefore, x = 0.
¤
Let now G be an abelian p-group and H ≤ G. We denote by I(KG; H)
the ideal of KG generated by the elements h − 1, h ∈ H. It is easily to see that
the ideal I(KG; H) coincides with the kernel of the homomorphism
(∗)

ϕ : KG → K(G/H),

which is a continuation by an additivity of the natural homomorphism G →
G/H.
¢
Q Q¡
G/H be a transversal for H in G and
Lemma 2.2. Let
=
XX
(2.1)
x=
xgh gh ∈ KG,
g∈T h∈N
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Q
where T is a finite subset of
and N is a finite subgroup of H. Then x ∈
I(KG; H) if and only if for every g ∈ T
X

(2.2)

xgh = 0

h∈N

holds.
Proof. Necessity. Let x ∈ I(KG; H) = Ker ϕ. Then xϕ = 0 and (2.1)
implies
XX
xgh gH = 0.
xϕ =
g∈T h∈N

However the cosets gH, g ∈ G form a K-basis of K(G/H). Then the last
equality implies (2.2).
Sufficiency. Let (2.2) holds for every g ∈ T . Then (2.1) imples xϕ = 0.
Hence x ∈ I(KG; H).
¤
Further we set
(2.3)

S(KG; H) = (1 + I(KG; H))

\

S(KG).

It is easily to see that S(KG; H) is a subgroup of S(KG). The following
lemma gives a description of S(KG; H).
Lemma 2.3. Let G be an abelian p-group, H ≤ G and let K be a field
of characteristic different from p. Suppose x ∈ S(KF ), where F is a finite
subgroup of G. Then x ∈ S(KG; H) if and only if the following condition is
fulfilled:
T
(∗∗) xe0 = e0 , where e0 is a minimal
T idempotent of K(F H) which
corresponds to the identity character of F H, i.e.
³ . ³ \ ´´ X
f.
e0 = 1
F
H
f ∈F

T

H

Let x ∈ S(KG; H). We choose a transversal
±
¢
Q ¡ Proof.
T Necessity.
F (F H) . Then the element x can be represented in the form
(2.4)

x=

X

X

g∈Π f ∈F

T

xgf gf,
H
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T
Since f e0 = e0 for every f ∈ F H, then (2.4) implies
¶
Xµ X
xgf ge0 .
(2.5)
xe0 =
g∈Π

f ∈F

T

H

However, x ∈ S(KG; H). Hence
½

X
f ∈F

T

xgf =
H

1,
0,

if g = 1;
if g =
6 1.

Then (2.5) implies xe0 = e0 .
Sufficiency. Let xe0 = e0 . Now we represent x in the form
x = xe0 + x(1 − e0 ).
Then xe0 = e0 implies
(2.6)

x = e0 + x(1 − e0 ).

Since e0 H = H, then, with the applying of the homomorphism ϕ, given
by the formula (∗), to the equality (2.6) we obtain
xϕ = e0 H + x(1 − e0 )H = H + x(H − H) = H.
Hence, (x − 1)ϕ = 0. Therefore, x − 1 ∈ Ker ϕ = I(KG; H). In this way
x ∈ (1 + I(KG; H)). However, xT
∈ S(KG).
Hence, x ∈ (1 + I(KG; H)) S(KG) = S(KG; H).
¤
Lemma 2.4. If G = F × H, then S(KG) = S(KF ) × S(KG; H).
This lemma follows immediately from a result of Mollov and Nachev [18,
Lemma 5.4].
3. Main result
A main goal of this section is to find a basic subgroup of S(KG). We
suppose that G is a separable abelian p-group with a basic subgroup B, B =
∞
`
Bi , where Bi is a coproduct of cyclic groups of orders pi , i ∈ N and K is a
i=1

field of the first kind with respect to p of characteristic not equal to p. Let κ
be a constant of K with respect to p. We introduce first the following concept.
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Definition 3.1 A subgroup H of a group G is said to be a standard subgroup of the kind n, if
1) H = H1 × H2 ,
2) H1 ≤
∞
`

s̀

i=1

Bi , s = max(κ + n − 1, 2n − 1),

3) H2 ≤ Ms , where Ms is a maximal subgroup of G with a basic subgroup
Bk and

k=s+1

4) exp H1 ≤ pn and exp H2 ≤ pn .

Lemma 3.2 If F is a finite subgroup of the group G and the exponent of
F is pn , then F can be put into a finite standard subgroup of the kind n of G.
Proof. We project F on the subgroups

s̀
i=1

Bi and Ms . Let these projec-

tions be H1 and H2 , respectively. Then F ≤ H = H1 × H2 . Since F is finite,
then the projections H1 and H2 are finite. Therefore, H is finite. The constructions of H, H1 and H2 implies that conditions 1), 2) and 3) of Definition 3.1
are fulfilled. Since the exponent of the projection of a group does not exceed
the exponent of the same group, then condition 4) holds. However, at least one
of the exponents of H1 and H2 will be exactly equal to pn .
¤
Now we can formulate the main result of the paper.
Theorem 3.3. (Main result). Let G be a separable abelian p-group with
a basic subgroup B and K be a field of the first kind with respect to p of characteristic not equal to p. Then S(KB) is a basic subgroup of S(KG).
Proof. By the results of Mollov, S(KB) is a pure subgroup of S(KG) [17]
and it is a coproduct of cyclic p-groups [15]. It is remain to prove that the
quotient-group S(KG)/S(KB) is divisible which is equivalent to
(3.1)

S(KG) = S(KB)S p (KG).

Namely, we take an element x from the left hand of (3.1). We shall prove
that x belongs to the right hand of (3.1).
We can suppose, by Lemma 3.2, that x ∈ KH, where H is a finite standard
subgroup of the kind n of G. Let the components of H, by Definition 3.1, are
H1 and H2 . Then, by Lemma 2.4, x has the representation x = x1 x2 , where
x1 ∈ S(KH1 ) ⊆ S(KB) and x2 ∈ S(KH; H2 ). It is remain to prove that
x2 ∈ S p (KG). To this aim we have to prove that if e is a minimal idempotent of
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the algebra KH which kernel does not contain H2 , then there exists an element
y such that xe = y p , where y ∈ S(KGe). We explain that KG is considered
as algebra with an identity e. Namely, we choose an element h ∈ H2 such that
he 6= e. There exists such element since Ker e does not contain H2 . The order
of h is not grater than pn . Hence, the height of h in Ms is ≥ ps−n+1 . In this way
s−n+1
there exists an element z ∈ Ms such that h = z p
. We set H3 = hH, zi .
We decompose the idempotent e in a sum of minimal idempotents in KH3 . Let
this decomposition is
(3.2)

e = e001 + e002 + . . . + e00t .

The group S(KH3 e00i ) is a cyclic p-group for every i = 1, 2, . . . , t and
contains two subgroups, namely hxe00i i and hze00i i . The order of the subgroup
hxe00i i is not greater than ps−n+1 and the order of hze00i i is greater than ps−n+1 .
Consequently, hxe00i i is strictly contained in hze00i i . This inclusion implies the
equality
(3.3)

xe00i = z pλi e00i

for every i = 1, 2, . . . , t, where λi is a integer. Now we set
(3.4)

y = z λ1 e001 + z λ2 e002 + . . . + z λt e00t .
Then (3.2), (3.3) and (3.4) imply
xe = xe001 + xe002 + . . . + xe00t = z pλ1 e001 + z pλ2 e002 + . . . + z pλt e00t = y p ,

i.e. xe = y p . Besides, from (3.4), we have y ∈ S(KH3 e) ≤ S(KGe).
¤
Remark. We note that Danchev P. [7] comments the question whether
S(KB) is a basic subgroup of S(KG). He marks that the first two conditions
for a basic subgroup are well known for S(KB). He writes that the third
condition, namely that S(KG)/S(KB) is divisible group, is not known and he
does not prove it in his paper. As it is seen from the proof of our Theorem 3.3
we prove exactly this condition.
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БАЗИСНИ ПОДГРУПИ НА СИЛОВСКИТЕ Р-ПОДГРУПИ
НА ПОЛУПРОСТИ ГРУПОВИ АЛГЕБРИ
Нако А. Начев
Резюме. Нека G е сепарабелна абелева p-група с базисна подгрупа B
и нека K е поле с характеристика, различна от p, където p е просто число.
В тази статия се доказва, че групата S(KB) е базисна подгрупа на S(KG).
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